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Every irrational x in [0, l] determines uniquely an infinite sequence 
{ui}F of positive integers by means of its continued fraction expansion 
1 
x= 
@i + 1 
, (1) 
a2 + ... 
of which ai are called the partial denominators. Conversely, every 
sequence of positive integers determines uniquely an irrational x in 
LO, 11 by (1). F or a given sequence, let N,(K) be the number of the ai 
among the first K of them that are equal to p, for p = 1,2,... . If the 
limits 
exist, for all p, and if 
(2) 
(3) 
then the number x is called normal, and f, may be regarded as the 
probability that ai = p, for each p. 
Khintchine proved in [l] that almost all x in [0, l] are normal, and, 
in fact, for almost all x the asymptotic distribution of the partial denomi- 
nators is given by 
Theorems like the one of K. F. Roth [2], which say that algebraic 
irrationals have the special property of avoiding the rationals as much 
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as possible, in a certain sense, led the author to conjecture in [3] that 
algebraic irrationals may have a paucity of large partial denominators, 
so that, for large p, f, is less than the right member of (4). That is 
known to be true for quadratic irrationals, which have f, = 0 for 
large p. (If x is a quadratic irrational, its sequence of partial denominators 
is periodic from a certain point on.) The conjecture does not contradict 
Khintchine’s theorem, because the algebraic numbers form a set of 
Lebesgue measure zero. 
In [4], the conjecture was studied by numerical tests, in which the 
continued fraction expansions of several cubic, quartic, and quintic 
irrationals were obtained to between 700 and 800 terms, using multi- 
precision integer arithmetic (3900 binary places, M 1174 decimal places) 
on the Manic I computer. The results did not support the conjecture; 
instead, the values of N,(K)/K were quite close to the values of fp 
given by (4), and chi-square tests of the hypothesis 
Prob{a, = p} = log, $‘+‘g 
using our calculated ai , supported that hypothesis. We were thus led 
to the alternative conjecture that for any algebraic irrational x of degree 
23 the limits (2) exist and satisfy (4). 
The numerical work yielded one very strange result: for x = 2V - 1, 
the values of x2 obtained were very small, the probability of their 
being that small, according to tables of the x2 distribution, being 3.7% 
in one test and 0.01 o/o in another, on the hypothesis that the a, had 
been chosen at random and independently from the distribution (5). 
In other words, the a,L seemed to obey the Khintchine law too well 
to be independent random variables, thereby suggesting some sort 
of correlation of the ai in the sequence. A very slight short range 
correlation is known; namely, if for some i, ai is smaller than expected, 
then ai+l tends to be larger, and conversely (see (4)). That correlation 
is too small, however, to explain the small values of x2 observed, but, 
of course, long-range correlation cannot be excluded, and in fact is 
present for quadratic irrationals. 
In the summer of 1970, further tests were made on the Los Alamos 
Manic II computer, on which 25,000-decimal integer arithmetic was 
available, in order to investigate the apparent correlation for 21j3 - 1, 
and to make further tests of the hypothesis (5). 
The results, which are summarized below, show that the anomalously 
364 R. D. RICHTMYER 
low value of x2 obtained previously for 2113 - 1 was accidental, and 
resulted from having stopped the expansion at 725 terms; other stopping 
points give quite reasonable values of x2, as was predicted by W. A. 
Beyer (private communication). The results also give a more precise 
verification of the hypothesis (5) than that reported in [4]. 
The method of calculation was the same as reported in [4]. A program 
was written for expanding any cubic irrational x in [0, 11. In the short 
time available for this study, most of the calculations were for 
x = 21j3 - 1; here, only that case is reported. 
TABLE I 
Distribution of Partial Denominators a, in Five Groups for x = 2ij3 - 1; 
Fraction of the First 8000 Denominators in Each Group 
Group Observed fraction Expected fraction’ 
p=l 0.4185 0.4150 
p=2 0.1665 0.1699 
p= 3,4 0.1581 0.1520 
5<P<lO 0.1341 0.1375 
ll<p<w 0.1227 0.1255 
a 1 log, (P , 
P(P + 2) 
summed over the group. 
TABLE II 
Distribution of Partial Denominators aj in Ten Groups for x = 21/3 - 1; 
Fraction of the First 8000 Denominators in Each Group 
Group Observed fraction Expected fraction” 
p=l 
p=2 
p=3 
p=4 
p=5,6 
p=7 
9<~<12 
13 <P < 19 
20 < P < 40 
4l<P<‘= 
0.4185 
0.1665 
0.0936 
0.0645 
0.0695 
0.0399 
0.0425 
0.0359 
0.0351 
0.0340 
0.4150 
0.1699 1 (same as in Table I) 
0.093 1 
0.0589 
0.0704 
0.0406 
0.045 1 
0.0365 
0.0356 
0.0348 
+Jg*~, summed over the group. 
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For the x2 tests, the positive integers were divided first into 5 groups, 
as in Table I, and then into 10 groups, as in Table II. The fractions 
of the first 8000 partial denominators falling into these groups are 
given in the Tables, and are seen to agree rather well with the fractions 
predicted on the hypothesis that Khintchine’s law applies for the 
particular number x = 2l/3 - 1. The hypothesis was tested statistically 
by computing 
x2 = 5 (G - FA2 
F, ’ 
(6) 
T=l 
where R is the number of groups, and where G, and F, are the observed 
and expected numbers of the denominators ai falling in the rth group, 
namely, 
G, = c,,, N,(K), (7) 
F, = KC(,, log, (P + II2 
P(P + 2) ’ 
the sums being extended over the rth group of integers indicated in 
Tables I and II, and K being the total number of ai in the sample 
(<8000 in the present calculation). 
The probability distribution of x2 is given by 
1 
s 
E 
Prob{X2 < f} = 2(R-l)/2r((R _ 1)/z) t'R-3"2e-t'2 dt* (9) o 
A subroutine for evaluating this expression was included in the computer 
program. For a valid hypothesis, this probability is expected to lie 
in the range 0.1 to 0.9. If the probability is too close to 1.00, the 
hypothesis must be rejected, and if it is too close to 0.00, the random 
variables in question appear to have the right distribution but cannot 
be independent. 
The values of x2 obtained and the corresponding probabilities (9) are 
given in Tables III and IV for the two groupings of the positive integers 
described in Tables I and II. The values are for the first K of the partial 
denominators, where K is given in the first column of the Tables. 
It is seen that the values of x2 are all reasonable, except for K near 725, 
hence it was an unfortunate coincidence that the expansion described 
in [4] was terminated (by reasons of computer capacity) at K = 725. 
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TABLE III 
Chi-Square Test for x = 2ij3 - 1 Five Groups as in Table I 
K X2 Prob.{xs < value in column 2) 
loo 2.510 0.357 
200 1.956 0.256 
500 1.388 0.154 
700 0.589 0.036 
725” 0.621” 0.037a 
1000 1.894 0.245 
2000 3.081 0.456 
3000 3.453 0.515 
4000 4.673 0.677 
6000 6.784 0.852 
8000 3.913 0.582 
5 Result reported in [4]. 
TABLE IV 
Chi-Square Test for x = 2ii5 - 1 Ten Groups as in Table II 
K X3 Prob.{x2 Q value in column 2) 
100 8.135 0.479 
200 4.324 0.111 
500 1.518 0.003 
700 1.320 0.002 
725” 0.748’ 0.0001” 
1000 5.632 0.224 
2000 4.270 0.107 
3000 5.558 0.217 
4000 6.931 0.356 
6000 8.477 0.513 
8000 6.753 0.337 
a Result reported in [4]. 
Owing to the large sample size (8000) this statistical test is rather 
sharp. If the quantities on the right side of (5) are altered by 3 or 4%, 
the hypothesis would have to be rejected overwhelmingly. 
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